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Abstract
In this paper, we introduce Pexiderized generalized Jensen and Pexiderized generalized quadratic operators on Xλ spaces and
investigate their norms.
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1. Introduction
Let X and Y be non-trivial normed spaces. Given λ ≥ 0, denote by Xλ the space of all functions f : X → Y with
the condition
‖ f (x)‖ ≤ M( f )eλ‖x‖, x ∈ X
where M( f ) is a constant depending on f . It is easy to see that the space Xλ with the norm
‖ f ‖ := sup
x∈X
{e−λ‖x‖‖ f (x)‖}
is a normed space. By X2λ we mean the space of all φ : X × X → Y satisfying the condition
‖φ(x, y)‖ ≤ M(φ)eλ(‖x‖+‖y‖)
for all x, y ∈ X where M(φ) is a constant depending on φ. Then X2λ equipped with the norm ‖φ‖ :=
supx,y∈X {e−λ(‖x‖+‖y‖)‖φ(x, y)‖} forms a normed space.
We denote by Zmλ the normed space ⊕mj=1 Xλ = {( f1, . . . , fm); f1, . . . , fm ∈ Xλ} together with the norm‖( f1, . . . , fm)‖ = max{‖ f1‖, . . . , ‖ fm‖}.
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In [1,2], Czerwik and Dlutek investigated some properties of Pexiderized Cauchy, quadratic, and Jensen operators.
These operators are of special interest in the theory of functional equations; cf. [1,3–5,9] and are related to Cauchy,
quadratic, and generalized Jensen equations of the Pexider type [6–8]. In this paper, we extend the results of [1,2] to
the so-called Pexiderized generalized Jensen and Pexiderized generalized quadratic operators on function spaces Xλ
and provide more general results regarding their norms.
2. Main results
We begin with the following key lemma.
Lemma 2.1. The operator E : Z4λ → X2λ given by
E( f1, f2, f3, f4)(x, y) = f1(αx + βy)+ f2(x − y)− f3(x)− f4(y)
where α, β ∈ R, |α|, |β| ≤ 1, is a bounded linear operator. Moreover, if there exists a constant C > 0 such that
‖ f1‖ + ‖ f2‖ + ‖ f3‖ + ‖ f4‖ ≤ C‖( f1, f2, f3, f4)‖,
then
‖E‖ ≤ C.
Proof. For ( f1, f2, f3, f4) ∈ Z4λ we have
‖E( f1, f2, f3, f4)‖ = sup
x,y∈X
{e−λ(‖x‖+‖y‖)‖ f1(αx + βy)+ f2(x − y)− f3(x)− f4(y)‖}
≤ sup
x,y∈X
{e−λ(‖x‖+‖y‖)‖ f1(αx + βy)‖} + sup
x,y∈X
{e−λ(‖x‖+‖y‖)‖ f2(x − y)‖}
+ sup
x∈X
{e−λ‖x‖‖ f3(x)‖} + sup
y∈X
{e−λ‖y‖‖ f4(y)‖}
≤ sup
x,y∈X
{e−λ‖αx+βy‖‖ f1(αx + βy)‖} + sup
x,y∈X
{e−λ‖x−y‖‖ f2(x − y)‖}
+ sup
x∈X
{e−λ‖x‖‖ f3(x)‖} + sup
y∈X
{e−λ‖y‖‖ f4(y)‖}
= ‖ f1‖ + ‖ f2‖ + ‖ f3‖ + ‖ f4‖
≤ 4max{‖ f1‖, ‖ f2‖, ‖ f3‖, ‖ f4‖}
= 4‖( f1, f2, f3, f4)‖.
Moreover, let there exist a constant C > 0 such that
‖ f1‖ + ‖ f2‖ + ‖ f3‖ + ‖ f4‖ ≤ C‖( f1, f2, f3, f4)‖.
Then,
‖E( f1, f2, f3, f4)‖ ≤ C‖( f1, f2, f3, f4)‖,
whence
‖E‖ ≤ C. 
Definition 2.2. The operator QGP : Z4λ → X2λ defined by
QGP ( f, g, h, k)(x, y) = f (x + y)+ g(x − y)− h(x)− k(y)
is called the Pexiderized generalized quadratic operator.
The next theorem gives us the norm of QGP .
Theorem 2.3. The operator QGP is a bounded linear operator with ‖QGP‖ = 4.
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Proof. The boundedness follows immediately from Lemma 2.1 with f1 = f, f2 = g, f3 = h, f4 = k and α = β = 1,
which yields ‖QGP‖ ≤ 4.
Now let v ∈ Y be such that ‖v‖ = 1 and let an be a sequence of positive numbers decreasing to 0. For each positive
integer n, define
fn(x) =
−e
2λanv ‖x‖ = an
e2λanv ‖x‖ = 2an or x = 0
0 otherwise.
We therefore have
e−λ‖x‖‖ fn(x)‖ =

eλan ‖x‖ = an
1 ‖x‖ = 2an
e2λan x = 0
0 otherwise
for all x ∈ X and all positive integers n. Hence, ‖ fn‖ = e2λan , which implies that fn ∈ Xλ for all n.
Let u ∈ X be such that ‖u‖ = 1, and take xn, yn ∈ X as xn = yn = anu. Then
‖QGP ( fn, fn, fn, fn)‖ = sup
x,y∈X
{e−λ(‖x‖+‖y‖)‖ fn(x + y)+ fn(x − y)− fn(x)− fn(y)‖}
≥ e−2λan‖ fn(2anu)+ fn(0)− 2 fn(anu)‖
= e−2λan‖2e2λanv + 2e2λanv‖ = 4. (2.1)
If on the contrary ‖QGP‖ < 4, then there exists a δ > 0 such that
‖QGP ( f, f, f, f )‖ ≤ (4− δ)‖ f ‖ (2.2)
for all f ∈ Xλ. It follows that from (2.1) and (2.2) that
4 ≤ ‖QGP ( fn, fn, fn, fn)‖ ≤ (4− δ)‖ fn‖ = (4− δ)e2λan .
The right hand side tends to 4− δ as n →∞, whence 4 ≤ 4− δ, which is a contradiction. Hence, ‖QGP‖ = 4. 
Following the same basic ideas as in the proof of Theorem 2.3, we obtain the following corollary, which is an
extension of Corollary 4.2 of [2].
Corollary 2.4. The pexiderized quadratic operator QP : Z4λ → X2λ given by
QP ( f, g, h, k)(x, y) = f (x + y)+ g(x − y)− 2h(x)− 2k(y)
is a bounded linear operator and
‖QP‖ = 6.
Proof. The boundedness of QP again follows from Lemma 2.1 by setting C = 6 and replacing f1, f2, f3, f4 by
f, g, 2h, 2k, respectively.
To show that ‖QP‖ = 6, we choose fn, an, u, v, xn, yn as in the proof above. This yields the equivalent of
inequality (2.1):
‖QP ( fn, fn, fn, fn)‖ = sup
x,y∈X
{e−λ(‖x‖+‖y‖)‖ fn(x + y)+ fn(x − y)− 2 fn(x)− 2 fn(y)‖}
≥ e−2λan‖ fn(2anu)+ fn(0)− 4 fn(anu)‖
= e−2λan‖2e2λanv + 4e2λanv‖ = 6.
The opposite inequality follows exactly as before. 
Next, we define a new operator on Xλ, which is a general version of a Jensen type operator.
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Definition 2.5. The operator J r,s,tP : Z3λ → X2λ defined by
J r,s,tP ( f, g, h) (x, y) := f
(
sx + t y
r
)
− s
r
g(x)− t
r
h(y)
where r, s, t are fixed positive numbers is called the Pexiderized generalized Jensen operator.
Using an approach similar to the one of Theorem 2.3, we obtain analogous results for the Pexiderized generalized
Jensen Operator.
Theorem 2.6. The operator J r,s,tP : Z3λ → X2λ given by
J r,s,tP ( f, g, h) (x, y) := f
(
sx + t y
r
)
− s
r
g (x)− t
r
h (y)
where r, s, t are fixed positive numbers with max{s, t} ≤ r , is a bounded linear operator such that
‖J r,s,tP ‖ =
r + s + t
r
.
Proof. Applying Lemma 2.1 with α = sr , β = tr , f1 = f, f2 = 0, f3 = sr g, f4 = tr h and C = r+s+tr we infer that
‖J r,s,tP ‖ ≤ r+s+tr .
Case (I) s + t 6= r
Let v ∈ Y be such that ‖v‖ = 1, and let an be a sequence of positive numbers decreasing to 0. For each positive
integer n, define
fn (x) =

−e2λanv ‖x‖ = an
e2λanv ‖x‖ = s + t
r
an
0 otherwise.
We have
e−λ‖x‖‖ fn(x)‖ =

eλan ‖x‖ = an
e
(
2r−s−t
r
)
λan ‖x‖ = s + t
r
an
0 otherwise
for all x ∈ X and all positive integers n. Hence, ‖ fn‖ = elλan , where l = max{1, 2r−s−tr }. Therefore fn ∈ Xλ for all
n.
Let u ∈ X be such that ‖u‖ = 1, take xn, yn ∈ X as xn = yn = anu. Then
‖J r,s,tP ( fn, fn, fn)‖ = sup
x,y∈X
{
e−λ(‖x‖+‖y‖)
∥∥∥∥ fn ( sx + t yr
)
− s
r
fn (x)− tr fn (y)
∥∥∥∥}
≥ e−2λan
∥∥∥∥ fn ( s + tr anu
)
− s + t
r
fn (anu)
∥∥∥∥
= e−2λan
∥∥∥∥e2λanv + s + tr e2λanv
∥∥∥∥
= r + s + t
r
.
Let by contrast ‖J r,s,tP ‖ < r+s+tr ; then there exists a positive number δ such that
‖J r,s,tP ( f, g, h)‖ <
(
r + s + t
r
− δ
)
‖( f, g, h)‖,
for all f, g, h ∈ Xλ. Since fn ∈ Xλ, we have
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r + s + t
r
≤ ‖J r,s,tP ( fn, fn, fn)‖ <
(
r + s + t
r
− δ
)
‖ fn‖
=
(
r + s + t
r
− δ
)
elλan .
The right hand side tends to r+s+tr − δ as n →∞ and so r+s+tr ≤ ‖J r,s,tP ( fn)‖ ≤ r+s+tr − δ, which is a contradiction.
Therefore, ‖J r,s,tP ‖ = r+s+tr .
Case (II) s + t = r
Let v ∈ Y be such that ‖v‖ = 1, and let an be a sequence of positive numbers decreasing to 0. For each positive
integer n, define
fn (x) =

−e3λanv ‖x‖ = an [or] ‖x‖ = 2an
e3λanv ‖x‖ = s + 2t
r
an
0 otherwise.
We have
e−λ‖x‖ ‖ fn(x)‖ =

e2λan ‖x‖ = an
eλan ‖x‖ = 2an
e
(
2s+t
r
)
λan ‖x‖ = s + 2t
r
an
0 otherwise
for all x ∈ X and all positive integers n. Since 2s+tr ≤ 2 we have ‖ fn‖ = e2λan , whence fn ∈ Xλ for all n.
Let u ∈ X be such that ‖u‖ = 1, and take xn, yn ∈ X as xn = anu and yn = 2anu. Then
‖J r,s,tP ( fn, fn, fn)‖ = sup
x,y∈X
{
e−λ(‖x‖+‖y‖)
∥∥∥∥ fn ( sx + t yr
)
− s
r
fn (x)− tr fn (y)
∥∥∥∥}
≥ e−3λan
∥∥∥∥ fn ( s + 2tr anu
)
− s
r
fn (anu)− tr fn (2anu)
∥∥∥∥
= e−3λan
∥∥∥∥e3λanv + sr e3λanv + tr e3λanv
∥∥∥∥ = 2 = r + s + tr .
Now, by the same reasoning as in Case (I), we conclude that ‖J r,s,tP ‖ = r+s+tr . 
The first consequence concerns the operator Jr : Xλ → X2λ given by Jr ( f )(x, y) = f (r x + (1− r)y)− r f (x)−
(1− r) f (y); cf. Corollary 4.2 of [2].
Corollary 2.7. The operator Jr is a bounded linear operator of norm 2 .
Corollary 2.8. The operator J : Xλ → X2λ given by
J ( f ) (x, y) := f
(
x + y
2
)
− 1
2
f (x)− 1
2
f (y)
where f ∈ Xλ, x, y ∈ X is a bounded linear operator with ‖J‖ = 2.
The final result is for the Pexiderized Cauchy operator, and provides and extension of Theorem 3.1 of [2].
Corollary 2.9. The Pexiderized Cauchy operator CP : Z3λ → X2λ is given by
CP ( f, g, h) (x, y) = f (x + y)− g (x)− h (y)
is a bounded linear operator such that ‖CP‖ = 3.
Proof. Take r = s = t = 1 in Theorem 2.6. 
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